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Abstract We prove an inequality on the Wasserstein distance with quadratic cost between
two solutions of the spatially homogeneous Boltzmann equation without angular cutoff,
from which we deduce some uniqueness results. In particular, we obtain a local (in time)
well-posedness result in the case of (possibly very) soft potentials. A global well-posedness
result is shown for all regularized hard and soft potentials without angular cutoff. Our
uniqueness result seems to be the first one applying to a strong angular singularity, except
in the special case of Maxwell molecules.

Our proof relies on the ideas of Tanaka (Z. Wahrscheinlichkeitstheor. Verwandte. Geb.
46(1):67-105, 1978) we give a probabilistic interpretation of the Boltzmann equation in
terms of a stochastic process. Then we show how to couple two such processes started with
two different initial conditions, in such a way that they almost surely remain close to each
other.

Keywords Boltzmann equation without cutoff - Long-range interaction - Uniqueness -
Wasserstein distance - Quadratic cost

1 Introduction and Main Results

1.1 The Boltzmann Equation

Let f(t,v) be the density of particles with velocity v € R* at time ¢ > 0 in a spatially
homogeneous dilute gas. Then under some assumptions, f* solves the Boltzmann equation
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3 fi(v) = /Ra dv, /gz do B(lv — v, O)[ f; W) fr (W) — fi(v) fi(va)], (1.1)

where the pre-collisional velocities are given by

,_v+v*+|v—v*|a v,=v+v* |v—v*|0

2 2 o 2 2

(1.2)

and 6 is the so-called deviation angle defined by cosf = ?z:z:‘) - 0. The collision kernel
B = B(lv — v,|,6) = B(|v" — v,|,6) depends on the nature of the interactions between
particles.

This equation is quite natural: it says that for each v € R3, new particles with velocity
v appear due to a collision between two particles with velocities v and v, at rate B(Jv" —
v,|, 0), while particles with velocity v disappear because they collide with another particle
with velocity v,, at rate B(|v — v,/[, 8). See Desvillettes [4] and Villani [22] for much more
details.

Since the collisions are assumed to be elastic, conservation of mass, momentum and
kinetic energy hold at least formally for solutions to (1.1), that is for all > 0,

/3 Ji()¢(v)dv 2/3 o ¢ydv, ¢ =1,v, v, (1.3)
R R
and we classically may assume without loss of generality that [o; fo(v)dv = 1.

1.2 Assumptions on the Collision Kernel

We will assume that for some functions ® : R, — R, and 8 : (0, 7] — (0, 00),

B(lv — ./, 0) sinf = ®(Jv — v.]) B(0). (AD)

When particles interact through repulsive forces in 1/r®, with s € (2, 00), one has (see
Cercignani [3])

-5
D)=z, BO) Lesto ™, withyzzTl e(=3,1), v= €(0,2). (1.5)

s—1

On classically names hard potentials the case when y € (0, 1) (i.e., s > 5), Maxwellian
molecules the case when y =0 (i.e., s = 5), moderately soft potentials the case when y €
(—1,0) (i.e., s € (3,5)), and very soft potentials the case when y € (=3, —1) (ie., s €
(2,3)).

In any case, fo , B(0)d6 = +o0, which expresses the affluence of grazing collisions,
that is collisions with a very small deviation. We will assume here the general physically
reasonable conditions

fﬂ B0 = +oo, k= /7r 02 B(0)d6 < +oo. (A2)
0 0

We now introduce, for 6 € (0, 7],
H() :=/ B(x)dx and G(z):=H '(2). (1.7)
0
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Here H is a continuous decreasing bijection from (0, ] into [0, +00), and its inverse func-
tion G : [0, +00) > (0, r] is defined by G(H (#)) =6, and H(G(z)) = z. We will suppose
that there exists x, > 0 such that for all x, y e R,

[} _ 2
/ (G/x) = Gy dz <1 "L (A3)
0 xX+y

Concerning the velocity part of the cross section, we will assume that for all x, y € R,

[®(x) =PI
@ (x) + P (y)

+min(x, y)|x — y[|® () = ()] < (x = Y’ (W) + YO (1.9)

min(x?, y?) + (x — )P (x) + 2(y)]

For some function W : R, — R, with for some y € (-3, 0], some k3 > 0, forall x e R,

W(x) < k3x?. (Ad(y))

Under Assumption ((A4)(y)), we can easily see that necessarily for all x e R, &(x) <
W (x), and then ®(x) < xk3x7”.

These assumptions are not very transparent. However, the following lemma, proved in
the appendix, shows how they apply. Roughly, (A3) is very satisfying, (A4(0)) corresponds
to regularized velocity cross sections, while (A4(y)) allows us to deal with general soft
potentials.

Lemma 1.1

(i) Assume that there are 0 < ¢ < C and v € (0, 2) such that for all § € (0, ], 077! <
B(O) < CO™"~. Then (A2-A3) hold.
(i1) Assume that ®(x) = min(x®, A) for some A > 0, some a € R, or that ®(x) = (¢ + x)*
for some € > 0, @ <0. Then (A4(0)) holds.
(iii) Assume that for some y € (—3,0], ®(x) = x". Then (A4(y)) holds.

1.3 Goals, Existing Results and Difficulties

We study in this paper the well-posedness of the spatially homogeneous Boltzmann equation
for singular collision kernel as introduced above. In particular we are interested in unique-
ness and stability with respect to the initial condition.

In the case of a collision kernel with angular cutoff, that is when fon B(6)dO < +oo,
there are some optimal existence and uniqueness results: see Mischler-Wennberg [17] and
Lu-Mouhot [16].

The case of collision kernels without cutoff is much more difficult, but is very important,
since it corresponds to the previously described physical collision kernels. This difficulty
is not surprising: on each compact time interval, each particle collides with infinitely (resp.
finitely) many others in the case without (resp. with) cutoff.

In all the previously cited physical situations, global existence of weak solutions has been
proved by Villani [21] by using some compactness methods.

Until recently, the only uniqueness result obtained for non cutoff collision kernel
was concerning Maxwellian molecules, studied successively by Tanaka [18], Horowitz-
Karandikar [13], Toscani-Villani [20]: it was proved in [20] that uniqueness holds for the
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Boltzmann equation as soon as & is constant and (A2) is met, for any initial (measure)
datum with finite mass and energy, that is fR3 (1 + [v]?) fo(dv) < +o0.

There has been recently three papers in the case where § is non cutoff and ® is not con-
stant. The case where ® is bounded (together with additional regularity assumptions) was
treated in [9], for essentially any initial (measure) datum such that f]Rd (14 |v)) fo(dv) < oo.
More realistic collision kernels have been treated by Desvillettes-Mouhot [6] and Fournier-
Moubhot [12] (including hard and moderately soft potentials). However, all these results ap-
ply only when assuming the following condition, stronger than (A2),

/n 0B(0)d6 < oo. (1.11)
0

In particular, this does not apply to very soft potentials (s € (2, 3]). Weighted Sobolev spaces
were used in [6], while the results of [12] rely on the Kantorovich-Rubinsten distance.

In the present paper, we obtain the first uniqueness result which can deal with the case
where only (A2) is supposed. Our result is based on the use of the Wasserstein distance
with quadratic cost. The main interest of our paper concerns very soft potentials, for which
we obtain the uniqueness of the solution provided it remains in L”(R?), for some p large
enough. Since we are only able to propagate locally such a property, we obtain some local
(in time) well-posedness result.

Our method certainly applies to the case of hard potentials. We however do not treat this
case in the present paper, since there are already some available uniqueness results, as said
previously. Let us also mention that in a companion paper, we use a similar method to get
some uniqueness result for the Landau equation with soft potentials, which was still open.

Our proof is probabilistic, and we did not manage to rewrite it in an analytic way. The
main idea is quite simple: for two solutions (f;);>0, ( ﬁ)tzg to the Boltzmann equation, we
construct two stochastic processes (V;),>¢ and (‘7,) >0 Whose time marginal laws are given
by (f;):>0 and (f,),zo, and which are coupled in such a way that E[|V, — \7,|2] is “small”
for all times. This bounds from above the Wasserstein distance with quadratic cost between

f, and f.

1.4 Notation

Let us denote by C2 (resp. CZ, resp. C2) the set of C2-functions ¢ : R* > R of which the
second derivative is bounded (resp. of which the derivatives of order O to 2 are bounded,

resp. which are compactly supported).
Let also L?(R?) be the space of measurable functions f with

I fllr @3y = (/1;3 fr(w) dv>1/p < +o0.
Let P(R?) be the set of probability measures on R3, and
PyRY) = {f € PRY), my(f) <o} with my(f):= /R P f (dv).
For a € (-3, 0], we introduce the space 7, of probability measures f on R? such that

Jo(f) = sup/ [v — v]® f(dvy) < 00. (1.12)
R3

veR3
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Of course, for any probability measure f, Jo(f) = 1. Let L>([0, T1, P.(R%)), L' ([0, T],
LP(R3)) and L'([0, T], J,) be the sets of measurable families ( f;);co,r] of probability mea-
sures on R? with supyg 7y ma(fy) < +00, fOT Il fill Lo w3y dt < +00, and fOT Jo(fr)dt < 400
respectively.

1.5 Weak Solutions

We follow here [10]. For each X € R3 we introduce 7(X),J(X) € R? such that
(‘X‘ , 1‘%), JI(;(I)) is an orthonormal basis of R*. We also require that 7 (—X) = —7(X) and

J(=X) = —J(X) for convenience. For X, v, v, € R?, for 8 € [0, 7] and ¢ € [0, 27), we set

(X, ¢) :=(cos @) (X) + (sing)J (X),

VvV i=v'(v,v4,0,0) =v— %(v —v,) + “"91“(1) Vs, ),
v;:=v;(v,v*,0,<p):=v*+%(v—v*) Sl“GF(U Vs, ),
a:=a,v,,0,9) =0 —v)=—(V, — v,

(1.13)

which is nothing but a suitable spherical parameterization of (1.2): we write 0 € S as o =
2= cos 6 + 1‘2” vs) inf cos ¢ + j(” ”*) sin@ sin g.
Letus observe at once that

[v—vy]

V' (04, 0,6, 9) =0, (v, 0., 0, 9),

V. (v, 0,0, 90) =0 (v, 4,0, 9), (1.14)
V0, s, T —0,0) =0, (v, 04,0, 0+ ),

V(0 Vs, T —0,90) =0 (v, V4,0, 0 + 7). (1.15)

Let us define the notion of weak solutions we shall use.

Definition 1.2 Let B be a collision kernel which satisfies (A1-A2). A family f =
(Freo.ry € L2(0, T1, P2 (R?)) is a weak solution to (1.1) if

T
/dt/ ﬁ(dv)/ fi(dv,) @(Jv — v.]) [ — v, * < Fo0, (1.16)
0 R3 R3

and if for any ¢ € C%, and any t € [0, T],

f¢(v)ﬁ(dv)=/ ¢(U)fo(dv)+/d5/ fs(dv)/ fsdv) Ap(v,ve),  (1.17)
R3 R3 0 R3 R3

where
d(v—v,]) (" o , ,
Ad’(v,v*):#/ ,3(9)019/ dp[p(W)+ o) —p®) —d(v)]. (1.18)
0 0
As noted by Villani [21, p. 291], one has, for all v, v, e R, all 0 € [0, 7], all ¢ € Cgo,

2
‘/ do o) +¢)) — ¢ (v) — ¢(v*)]‘ < Cl1¢" 160 = 0. %, (1.19)
0

so that thanks to assumption (A2), (1.16) ensures that all the terms in (1.17) are well-defined.
The proof of (1.19) is given in the appendix for the sake of completeness.
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1.6 A Suitable Distance

Let us now introduce the distance on P,(R?) we shall use. For g, g € P>(R?), let H(g, g)
be the set of probability measures on R® x R?* with first marginal g and second marginal g.
We then set

12
Wz(g,gr):inf[(/ |v—f)|2G(dv,dﬁ)) , GeH(g,g)}
R3xR3

1/2
:min:</ |v—ﬁ|2G(dv,dﬁ)> , GeH(g,g)}. (1.20)
R3xR3

This distance is the so-called Wasserstein distance with quadratic cost. We refer to Villani
[23, Chap. 2] for more details on this distance.

Our result is based on the use of this distance. A remarkable result, due to Tanaka [18],
is that in the Maxwellian case, that is when ® = 1, r > W, (f;, f,) is nonincreasing for each
pair of reasonable solutions f, f to the Boltzmann equation.

1.7 The Main Results
Our main result is the following inequality.

Theorem 1.3 Assume (A1-A2-A3-A4(y)) for some y € (=3, 0]. Let us consider two weak
solutions (fi):ep0.17 (ﬁ),g[oﬂ to (1.1) lying in L=([0, T, P,(R*)) N L'([0, T], Jy). As-
sume furthermore than for all t € [0, T, f; (or f,) has a density with respect to the Lebesgue
measure on R3. There exists a constant K = K (k1, k2, k3) such that for all t € [0, T,

Wa(fi, f1) < Wa(fo, fo)exp <K / I, (fs + fl)ds) . (1.21)
0

Observe here that the technical assumption that f; has a density can easily be removed,
provided one has some uniform estimates on J, (f;), as will be the case in the applications
below.

We first give some application to the case of mollified velocity cross sections.

Corollary 1.4 Assume (A1-A2-A3-A4(y)) for y =0. For any fy € Pa(R®), any T > 0,
there exists a unique weak solution (f,);ci0.71 € L®([0, T1, Po(R?)) to (1.1). Furthermore,
there e~xists a constant K = K (k1, k2, k3) such that for any pair of weak solutions ( f;):e[0,1
and (f;)iefo,1) to (1.1) in L*=([0, T, P,(R*), any t > 0,

Wa(fi, fo) < Walfo. fo)e™. (1.22)

We now apply our inequality to the case of soft potentials.

Corollary 1.5 Assume (A1-A2-A3-Ad(y)(y)) for some y € (=3,0], and let p € (3/
B+y),00).
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(i) For any pair of weak solutions (f):ep0.115 (]?r)te[O,T] to (1.1) lying in L*°([0, T],
Pa(R*)) N L([0, T1, LP (R?)), there holds

t
Viel0,T], Walfi, i) < Wa(fo, fo) exp <Kp/ (L4 Sl sy + ”fs”LP([R3)]d5>
’ (1.23)
where K, depends only on y, p, k1, k2, k3. Uniqueness and stability with respect to the
initial condition thus hold in L*°([0, T1, P,(R*)) N L' ([0, T, L?(R3)).

(ii) For any fy € P,(R*) N LP(R?), there exists T, = T*(”f()”Lp(R}), D, VK1, Kz,K}) >0
such that there exists a unique weak solution (f;)icpo 1, to (1.1) lying in Lf(fc([O, T,),
Pr(RY) N LP(R?)).

The rest of the paper is dedicated to the proof of these results. We first state some pre-
liminary lemmas in Sect. 2. Since the rigorous proof of Theorem 1.3, handled in Sect. 4, is

quite complicated, we first give some formal arguments in Sect. 3. Corollaries 1.4 and 1.5

are checked in Sect. 5. Finally, an appendix containing technical computations lies at the
end of the paper.

2 Preliminaries
We start by a suitable way to rewrite the collision operator. The main interest of the following
expression is that we make disappear the velocity-dependence ® (|v — v,|) in the rate. Such

a trick was already used in [11].

Lemma 2.1 Assume (A1-A2) and set
ba
Ko ::n/ (1 —cos®)p(6)deb. (2.1)
0

Recalling (1.7) and (1.13), define, for z € (0, 00), ¢ € [0,27), v, v, € R,
(v, Vs, 2, @) r=alv, v, G(z/P(Jv — Vi), @] (2.2)

We have A¢p (v, vy) = %[Aqﬁ(v, vy) + ./Id)(v*, v)] forallv,v, eR? and ¢ € Cf,o, where

A (v,v.) = /Ooodzfozn dg($lv+ (v, v.. 2, 9)] = Blv] = clv, v 2, 9] Vo[v])
—ko® (v — 0.V ).(v — v,)
= /Ooodzfozn dp($lv -+ c(v, ver 9+ 90)] = 9101 — clv, 12, 2,9 + 901V [0])
—ko® (v — v )VP().(v ), 23)

the second equality holding for any ¢, € [0, 21) (which may depend on v, vy, z). As a con-
sequence, we may replace A by Ain (1.17).

This lemma is proved in the Appendix. Let us now recall a fundamental remark by Tanaka
[18], slightly precised in [10, Lemma 2.6]. We use here notation (1.13).
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756 N. Fournier, H. Guérin

Lemma 2.2 There exists a measurable function gy : R* x R3 +— [0, 27), such that for all
X,Y eR3 all ¢ €[0,2m),

IT(X,9) =T, 0+ @o(X,Y)) <3|X - Y| (2.4)

The following fundamental estimates, on which our results rely, are proved in the
Appendix.

Lemma 2.3 Assume (A1-A2—-A3) and (1.9). There exists a constant C = C(k1, k) such
that the following estimates hold.
@) For v, v,, D, 0, € R,

%) 2
/ dz/ dple(v, ve, 2, )2 < Clo — v, LB (v — v.]), 2.5)
0 0

9] 2
/ dz/ dolc(v, vy, 2, 9) — (D, Ty, 2, @ + @o(V — v, D — T,))]?
0 0

<C(lv =3+ v — BT (v — vi]) + V(|7 — B])), (2.6)

/dz

0

/dz
0

=C(lv =0+ [ve = 0DV (v — v ) + W (D — 0, ])). (2.8)

2
/ dw(v,v*,z,w)‘ < Clo — v, D(Jv — vi), 2.7
0

2
f d<p[c‘(v,v*,z,<p)—C(ﬁ,ﬁ*,z,w)]’
0

(ii) For any ¢ € C,f, any v, v, € R3,
[Ap (v, v < CP (v — vil) (v = vl 19 loo + [V = vl 118" [|oc ) - (2.9)
(iii) For any ¢ € C? with supp ¢ C {|v| < x}, for all v, v, € R?,

|AD (v, )| < C (119 1loclv — vil + 119" lloolv — v4I*) D ([0 — V2 L1y <20y

|v - v*|2q>(|v - U*|)
vf?

+Cl|olls M jjyp=24)- (2.10)

We now state again some estimates that will be usefull when passing to the limit in some
cutoff Boltzmann equations.

Lemma 2.4 We assume (A1-A2-A3) and (1.9). For k > 1 and x € R, we set
k Glk/@@)]
hE(x) :== n/ dz[1 — cos(G[z/ D (x)])] and & (x) := / 0%8(6)ds.  (2.11)
0 0
There exists a constant C = C(k, k») such that for all v, v, € R3, all x, yveR,allk>1,

[ 2
/dz/ dplev, v,y 2, @) < Clo — v, PO (lv — vDeb (v —v,l),  (2.12)
k 0

leh(x) — yho (M < Clx — y|(W(x) + ¥ (), (2.13)

@ Springer



On the Uniqueness for the Spatially Homogeneous Boltzmann 757

licox @ (x) — xhf(x)] < Cx®(x)ef (x). (2.14)
Furthermore, 8(]§ is bounded by k, and for all x € R, limy, 816 (x)=0.
This Lemma will be checked in the Appendix, as the following continuity property of A.

Lemma 2.5 Assume (A1-A2-A3-A4(y)), for some y € (—3,0], and consider g €
P,RHN Jy. Then for any ¢ € Cf,, V> fR3 g(dv,) Ag (v, v,) is continuous on R>.

3 A Short and Unrigorous Proof

We give here the main idea of this paper in the cutoff case. In the case without cutoff, we are
not able to give a direct proof (not relying on the use of Poisson measures, martingale prob-
lems, ... see the next section). We consider a solution ( f;);ejo, 7] to the Boltzmann equation.
Then

d -
d—/ ¢(v)ﬁ(dv)=/ ﬁ(dv)/ Ji(dv) Ad (v, v,), (3.15)
t Jr3 R3 R3

and we can formally write

9] 2
ﬁ¢(v,v*):2n/ dZ/ d—¢[¢(U+C(U,U*,Z,§0))—¢(U)]- (3.16)
0 0o 2w

This roughly means the following: take a particle at random at time ¢, and call its velocity V,.
Then V, is f;-distributed. Then for all z € R, it will collide, at rate 2rdz, with another
particle with velocity V,* (independent and also f;-distributed), it will choose o uniformly
in [0, 2m), and its new velocity after the collision will be Z,(z) := V; + c(V;, V", z, ). Let
us call A(f;, z) the law of Z,(z).

Then if we have two solutions ( f;):e[0,7], (f,),sloﬂ to (1.1), it is natural to think that

d ~ o - -
SWf ) = /0 A WA Af 2. A ) — W2 fD1. (A7)

Indeed, at each time ¢, for each z, f; and f, are replaced by A(f;, z) and A(ft, z) at rate
2rdz.

Such an inequality can be rigorously and easily obtained when truncating the integral
fooo dz into fok dz, by using the dual formulation of the Wasserstein distance (see Vil-
lani [23]).

We then claim that for all pair of laws £, f on R?,

[o.¢]
/0 2rdz[W3 (A(f, 2, Af, ) = W3 (f, DI < CWF(f, DI (N + T, (D1, (B.18)
where C depends only on k1, k2, k3, see (A1-A2—-A3-A4(y)). Gathering (3.17) and (3.18),
Theorem 1.3 would follow immediately from the generalized Gronwall Lemma 6.1.

Let us prove (3.18). Consider thus f, f two probability distributions on R?, and two
couples (V, \7) and (V,, \7*) with V and V, f-distributed, V and ‘7* f -distributed, with
(V, V) independent of (V,, V,), and such that E[|V — V|*] = E[|V, — V.|’ 1= W3(f, f).
Choose « uniformly distributed on [0, 277) (independent of everything else), and set & =
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758 N. Fournier, H. Guérin

o+ @V -V, vV — \7*) (modulo 27), where ¢y was introduced in Lemma 2.2. Then & is
also uniformly distributed on [0, 277), and is also independent of (V, v, V., V.). As a con-
sequence, Z(z) = V +¢(V, Vy, z, &) is A(f, z)-distributed, and Z(z) =V + c(V, V,, z, &)
is A( f , z)-distributed, so that

W3(A(f,2), A(F, ) = W5(f, H < ENZ@) - Z@P =V -VI]1=:8(). (3.19)
But a simple computation using (2.6) and (2.8) shows that for some constant C =
C(ky, K2, K3),

o] 00 2 d(P - » N
| @@= [z [ SEE[lev vz eV Wiz bV = VeV = TP
0 0 0o 2w
+2(V = D)V, Ve 2,9) = (V. Vs 2,9+ 90V = Ve, V= V) |

< CE[(V = VP + V. = TPV = Va) + W(V = Vi) |

< CE[|V—V|2(|V—V*|V+|V— W)] (3.20)
by a symmetry argument and (A4(y)). Using finally the definition of J, and the indepen-
dence of (V, \7) and (V,, ‘7*), one easily deduces that

/ dz8(z) < CE [|V - 17|2] (sup E[Jv — V.1 + sup E[|5 — V.|"])
0 v b}

= CW2(f, P, () + Iy (D] (3.21)

This concludes the proof of (3.18).

4 Coupling Boltzmann Processes

To prove Theorem 1.3, we will use some probabilistic arguments, which is of course a
natural way to couple two solutions of the Boltzmann equation. We follow the line of Tanaka
[18] (see also [10]), who was dealing with the Maxwellian case, thatis ® = 1.

In the whole section, C (resp. Cr) stands for a constant whose value may change from
line to line, and which depend only on «1, «3, k3, ¥ (resp. ki, k2, k3, Y, T).

Recall that Dy = D([0, T], R?) stands for the Skorokhod space of cadlag functions, see
Ethier-Kurtz [7] for many details on this topic. We consider a filtered probability space
(82, F, (Fieo,11, P).

Notation 4.1 Let g = (g)cp0.1] be a measurable family of probability measures on R>.

(1) We say that N is a g-Poisson measure if it is a (F;).ef0,r1-Poisson measure on
[0, T] x R? x [0, 00) x [0,27) with intensity measure dsg,(dv)dzde. We denote by N
its compensated Poisson measure (see Jacod-Shiryaev [15] or Ikeda-Watanabe [14] for def-
initions of Poisson measures).

(ii) For k > 1, Vy a Fo-measurable R3-valued random variable and N a g-Poisson mea-
sure, we define (‘/tk)tel(),TJ the unique solution to

t k 2w
VE=V, +/ / / / c(VE v, 2, 9)N(ds,dv,dz,dg). 4.1
o Jr3 Jo Jo '
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Then (V,k)re[o,r] is adapted to (F;)sef0,17 and belongs a.s. to Dr. We will refer to (V,k),e[o,f]
as the (Vy, g, k, N)-process. Its law does not depend on the choice of the probability space,
on N, and depends on V, only through its law.

The existence and uniqueness of V* is obvious, because N ([0, T] x R? x [0, k] x [0, 277))
is a.s. finite, so that (4.1) is nothing but a recursive equation (see Ikeda-Watanabe [14] for
basic results on Poisson-driven stochastic differential equations).

We will show the following result at the end of this section.

Lemma 4.2 Assume (A1-A2—-A3-A4(y)), for some y € (=3, 0]. Consider a weak solu-
tion (f¢)eero,r; € L=([0, T1, P, R)NL'(O, T, Jy,) to (1.1). Consider any Fo-measurable
random variable Vy ~ fy. Consider a f-Poisson measure N, and for each k > 1, the
Vo, f,k, N)-process (V,k)ze[o,T]- For each t € [0, T], denote by f," the law of Vt". Then

lim sup W3 (f;, /) =0. 4.2)
k—o00 [0,7]
Thus we will study a solution f to (1.1) through its related stochastic process V. We

start with some moment computations (see Jacod-Shiryaev [15] or Ikeda-Watanabe [14] for
details about computations involving integrals with respect to Poisson measures).

Lemma 4.3 Assume (A1-A2-A3-A4(y)) for some y € (=3,0]. Let g € L=([0, T], P,(R*))N
L'([0,T1, Jy). There exists a constant Kt (g) depending onlyon T, y, ki, k2, k3, g such that
for each k> 1, Vy € L2, each g-Poisson measure N, the (Vy, g, k, N)-process (V,k)te[o,r]
satisfies

E[sup [V = Kr (@)1 + BV (43)

Proof Let k > 1 be fixed. Writing the Poisson measure N as N +dsgs(dv)dzdy, we obtain,
using the Doob inequality, that for 7 € [0, T1, E[supyy,, |V} [*] < C{E[|Vo|*] + A, + Bi},

where
t k 2
A, ::EU ds/ gx(dv)/ dzf d(plc(\/sk,v,z,go)lz],
0
2
/ds/ gs(dv)/ dZ/ dgoc(

Using now (2.5) and then (A4(y)), we get

:| 4.4)

t
A, <CE [/ ds/ g5 (dv)|VF — v|2+y], (4.5)
0 R3

while (2.7) and (A4(y)) yield
2
:| . (4.6)
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Sgs(dv)wf —oprt!
R

B,SCE|:

We then have to divide the study into several cases.
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Case y € [—1,0]. Then y +2 € [0, 2], so that | V¥ —v|**” < C(1+|V¥|?+|v|?), and one
easily checks that A, < Cy(1+ fot mo(gs)ds + fot E[|V¥|*1ds). Furthermore y + 1 € [0, 1],

so that | V¥ — |7 < C(1 4 |V¥| + [v]). Thus B, < Cr(1 + [y ma(gs)ds + [y E[|VF[*1ds)
by the Cauchy-Schwarz inequality. We finally find E[sup, [VE2] < Cr(1 + E[|Vol?] +
fot mo(gs)ds + fof E [|VS"|2]ds) and the conclusion follows by the Gronwall Lemma, since
fOT my(gs)ds < oo by assumption.

Case y € [-2,—1]. Since y + 2 € [0,2], we obtain as previously A, < C(1 +
Jo m2(g5)ds + [; E[|V¥|*1ds). On the other hand, y <y +1 <0, so that [VF —v[7+! <14
|V — v|”. Recalling (1.12), we deduce that [5; g,(dv)|V} — v’ T <1+ [5; g, (dv)|V} —
v[” <1+ J,(g,), and thus B, < C| [y (1 + J,(g,))ds|>. We finally get E[sup,,|V¥|*] <
Cr(1+E[|Vol?] —I—fot mo(gs)ds + fot E[|V¥21ds +| fot(l +J, (g5))ds|?), and the conclusion
follows by the Gronwall Lemma, since fOT my(gy)ds + fOT J, (g5)ds < oo by assumption.

Case y € (=3, —-2]. Since y <y + 1 <0, we obtain as previously that B, < C| fot(l +
J,(g:))ds|*. A similar argument, using that ¥ <y + 2 <0 (and thus x"*2 < 1 4 x?),
yields A, < C [ (1 + J,,(g5))ds. We finally find E[supy,, VX1 < Cr(E[|Vo*] + f; (1 +
J,(gs))ds + |f0t(1 +J, (g5))ds)?), and the conclusion follows, since fOT J, (gs)ds < oo by
assumption. 0

Tanaka [18] (see also [10, Lemma 4.7]) observed the following elementary fact.

Lemma 4.4 Consider a (F;)cjo,11-Poisson measure pu(ds, dx,dy) on [0, T] x F x [0, 2m)
with intensity measure dsv(dx)de, for some measurable space F endowed with a nonneg-
ative measure v. Then for any predictable map ¢, : 2 x [0, T] x F +— [0, 27), the random
measure . (ds,dx,dp) on [0, T] x F x [0, 27) defined by

T 27
/'L*(A):/ // HA(s7x7¢+¢*(va))ﬂ(dsadxvd(p)
0 FJo
VACIO, T]x F x[0,2m) 4.7)

is again a (F;)e(0,11-Poisson measure with intensity measure dsv(dx)dy. Of course, we
write ¢ + . (s, x) for its value modulo 2.

Our main result will be based on the following proposition.

Proposition 4.5 Assume (A1-A2-A3-A4(y)), for some y € (=3,0]. Let k > 1, Vj, Vo
two Fo-measurable R>-valued random variables. We also consider g and g in L*([0, T1,
PR3 N L0, T], Jy). Let us finally consider, for each s € [0, T1, R, € H(gy, &) such
that s — Rj is measurable. We may find a g-Poisson measure N and a g-Poisson measure M
such that, for VK the (V,, g,k, N)-process and V¥ the (\70, g, k, M)-process, the following
property holds.

W) If y € (=3,0), set a(y) =min(1/|y|, |y|/2) > 0. Forall L>1,allt €[0,T],

E[|V} = VFP1 < E[IVo — VoI* 1+ K1 (g, &, Vo, Vo) L™

1
+c/ dsEU Rs(dv,dﬁ){lVSk—VskF
0 R3xR3

+|v—5|2}mm(|w‘—v|y+|\7f—ﬁ|V,L)”, (4.8)
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where K1 (Vo, Vo, 8, &) depends only on T, y, k1, k2, k3, &, § and E[|Vo|*1, E[|Vo[?].
(i) Ify =0, forall t € [0, T],

E[IV} = V1 < E[IVo — Vo2

t
+ C/ dsE [/ Ry(dv, dv) {|Vsk - f/sk|2 + v — f;|2}] . 49
0 R3xR3

Proof Let thus k > 1, g, g, W, Vo, and (Ry)sefo,r7 be as in the statement. We introduce
a Poisson measure A on [0, T] x (R? x R?) x [0, 00) x [0,27) with intensity measure
dsR;(dv,dv)dzdg. Then, since the restriction of this measure to z € [0, k] is a.s. finite,
there exists a unique pair of processes (V*),c0.7) and (f/t") te[0,7]> solution of

t k 2
v,k=v0+// // (VE v, 2. 0)A(ds. d(v, B). dz. d),
0 JR3IxR3Jo Jo

" " t k 2 5 » 4.10
R I I R R e L/ R
0 JR3IxR3 Jo Jo ’

x A(ds,d (v, v),dz, dep),

where ¢y was introduced in Lemma 2.2. Consider now the random measures N and M
defined on [0, T] x R? x [0, 00) x [0, 2) by

T o] 2
N(A):/ / / / MWs(s,v,z,9)A(ds,d(v, V), dz,dy),
0 JR3xR3 Jo 0

T o por i . S (4.11)
M(A)= HA(S7U7 Zv(p—’_(p()(vsf_v’ ‘G,_v))
0 JR3xR3 Jo 0

x A(ds,d(v, v),dz,dp).
Then N is classically a g-Poisson measure, since for each s, g is the first marginal of R;.
Furthermore, M is a g-Poisson-measure, since for each s, g; is the second marginal of Ry,
and due Lemma (4.4).
Thus (V}),ep0.71 (tesp. (VE)iepo.ry) is the (Vo, g, k, N)-process (resp. the (Vo, &, k, M)-
process). Next, setting for simplicity ¢ := c(VX , v, z, ¢) and & := (VX , 3,2, 9 + @o(VE —
v, Vs"_ — 1)), we get

t k p2mw
0 JRIxR3JO JO

x A(ds,d(v,v),dz, dy). 4.12)
Hence, taking expectations,

E[VF =V} 1= E[IVo — Vo]

t k
+/ dsE{/ Rs(dv,dﬁ)/ dz
0 R3 xR3 0

2
X/ WW—W+%W—WMuﬂﬂ- 4.13)
0
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Now, using (2.6), (2.8) and (A4(y)), we easily deduce that a.s.,

k 2
/dz/ dolle — > +2(VE = V5 .(c — 0)]
0 0
<CUVE= VI + v =3PHVE =l + V=57, (4.14)

while using (2.5), (2.7) and (A4(y)), we obtain a.s.

k 2

/dz/ dollc — & +2(VF = V5.(c — 8)]

0 0
§C|VS"—v|2+V+C|VS"—ﬁ|2+’”+C|VS"—VS"|{lVS"—v|1+y+|\7f—ﬁ|1+y}. 4.15)

If y =0, (4.9) follows immediately from (4.13) and (4.14). We thus now assume that
y € (—3,0). Let L > 1 be fixed. We insert (4.14) (resp. (4.15)) in (4.13) when |Vsk —v|¥ +
|‘7Sk — 0] < L (resp. |Vsk —v|” + |\7Sk — 0|¥ > L), and we obtain

4

E[|Vf = VFP1 < ENlVo = o1+ C Y (it + 1)

i=1

t
+c/ dsE[/ Ry (dv, dD){|VE = VF? + v — 0%}
0 R3 xR3

xmin(|vf—v|V+|\7f—ﬁ|V,L)}}, (4.16)
where
, _
1" 12/ dsk / Ry(dv,dv)|V{ — v|2””uv§—my>uz}]’
0 LJR3 xR3 ’
. -
1= / dsE / Re(dv, dD)|V — ﬁl”yﬂuvf_vv>L/z>]
0 LJR3 xR3 ’ (4 17)
t r .
A ;=/ dsE / Ry (dv, dD)|VE — V||V - v|‘+V11[,VYk_W>L/z)]
0 LJR3 xR3 ’
. -
i [Lase[ [ R@vamivi = G- 0
0 LJR3 xR3 ’
and where I,"*, ..., I"* have the same expressions replacing V¥, V¥, v, & by VX, V¥, 5, v.

We first treat the case of I'-L. Since R, € H(gs, &;) and y € (=3, 0), and using notation
(1.12) one has

t
= /0 WE [/Rs g (d)V — vl H{\WW>L/Z}]

t
SCLZ/V/ dsE[/ gs(dv)|VSk—v|Vi|
0 R3

t
<cL / dsJ,(g,) < Kr(g)L ™7, @.18)
0
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since 2/|y| > a(y). Similarly, since 1/|y| > a(y)

t
it = [ase[wE =021 [ @V o ]
0 R

t
<CLE [sup(lV"l + IV"I)}/ dsJ,(g,) < Kr(g, &, Vo, Vo)) L™, (4.19)
[0, T 0

where we used Lemma 4.3. We now study If‘L when y € [-2,0), so that y +2 € [0, 2).
Using the Holder inequality, we get

t - 2
M < E[(/ ds/ R,(dv, d?d) |V} — ﬁ|2>
0 R3xR3
' iy
X (/ ds/ Rs(du,dﬁ)u{ka_vlu/z,) ]
0 R3 xR3 ‘
‘ 3 52
=E (/ ds/%gs(dﬁ)wf—m ) </ ds/ FACID) U|y>L/2}>
0 R

ly

<CE (/0 dS(mz(gs)+|‘7sk|2)> (/ ‘“/ s L;zvl)

Iyl

~ ! z
<CL"11+ supmz(gs)+E[sup|V!‘|2]} ( f dsJV(gs)ds)
[0,71] [0,7] 0

< Kr(g, g, Vo) L™", (4.20)

by Lemma 4.3, since X2 € [0,1] and |y]/2 > a(y). We next study I}'" when y €

(=3, —-2), so that y +2 € (—1, 0). The Holder inequality yields

I < E[(/ ds/ Ry (dv, dd)|VF — 5|V)
0 R3xR3
2
! B 72
X (/ ds/ Rs(dv,dv)]l{w&kfv‘yﬂ/z}) :|
0 R3xR3
2ty 2
! T S 4 ! iZ
=F / ds/ &, dv)|Vy — )Y / ds/ g @)y op )
0 R3 0 R3 )

24y L

< C(/o "Sfy(gQ) y (/0 "”mgs)) YL < k(e L), (4.21)

since 2/|y| > a(y). Let us now upperbound I,4‘L in the case y € [—1,0), so that
1+ y €[0, 1). Using the Holder inequality, one finds as usual (since (14 y)/2 < 1/2),

I+y
- ! - v
M < E|:sup [VE— VK x (/ ds/ g:(d)|VF — f)|2>
[0,T] 0 R3
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I—y

, =
% (/ ds/ gs(dv)ll{wf,u\buz]) ]
0 R?
1-y

<CE {sup(|vf|+|ﬁk|>”1+/ dS(mz(gs)+|VYk|2)}2{%/ dsJy(ga} i
1 0 0

[0,T

I-y

. N t e

< CLVT{l + sup my(g,) + E[sup(|VF* + |vj‘|2)]} (/ dsJy(gs))
[0,7] [0,7] 0

< Kr(g,8 Vo, Vo)LV, (4.22)

since (1 + |y|)/2 > a(y) and by Lemma 4.3. Finally we consider It4‘L in the case y €
(—3,—-2),sothat 1 +y € (y,0):

1+y
< E[sup V= VI (/ ds/ B @DIVe = W)
(0.7] 0 RS
1
P [y
% (/ dS/ gs(dv)u(\vs"—v\hL/Z}) j|
0 R

< CL"E[sup(IV}| + |V}D] (/ ds-ly(gs)>7 (/ dey(&))
0,71 0 0

< Kr(g, 8 Vo, Vo)L, (4.23)

1
12l

since 1/|y| > a(y). Using the same computations for f,l’L, ... i,4'L, (4.8) follows immedi-

ately. O
Admitting for a moment Lemma 4.2, we give the following proof.

Proof of Theorem 1.3 We thus assume (A1-A2-A3-A4(y)) for some y € (—3,0), the
case y = 0 is easier and left to the reader. We consider two weak solutions (f;);cp0,71 and
(f)reto.r1 to (1.1) lying in L=([0, T1, P(R®)) N L' ([0, T]), 7).

We consider two Fjp-measurable random variables Vy ~ fy and f/o ~ fo, such that
sz(fo, fo) = E[|Vy — Volz], and for each s € [0, T'], we consider R; € H(fs, f~s) such
that W2(f,, f,) = Jz3 g3 IV — UI*Ry(dv, d?). Due to Fontbona-Guérin-Méléard [8, The-
orem 1.3], s — R, is measurable: indeed, since by assumption f; has a density for all
t € [0, T'], the minimizer R, is unique (see e.g. Villani [23, Theorem 2.12]).

Finally, for each £ > 1, we consider some (Vy, f, k, N)-process (V,k),e[oﬂ and some
(‘70, f k, M) process (\7,"),6[0,71, coupled as in Proposition 4.5.

We set w' := E[|V} — V¥?] for each k > 1, each ¢ € [0, T]. Using Lemma 4.2, we
deduce that for all ¢ € [0, T],

U, = sz(ﬁ, f.) <limsup wf = w;. (4.24)
k

We observe at once that due to Lemma 4.3 and by assumption on f, f s

sup sup w;‘ + sup w; < 00. (4.25)
k [0.T] [0,7]
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Due to Proposition 4.5, we know that for all L > 1,all k> 1, allr € [0, T],

wk < ug+ K(T, f, f, Vo, Vo) L™¢®

.
+C/ dsE ||V} = VP Rs(dv,dﬁxwf—vv+|Vf—ﬁ|y>]
0 L R3 xR3

. _
+c/ dsE / Rx(dv,df))lv—f)lzmin(lVSk—vP”,L)]
0 L JR3xR3

t
+C/ dsE
0 L

=tuo+ K(T, f, f, Vo, Vo)L ™% + CAy(t, L) + CBy(t, L) + CBi(t,L).  (4.26)

/ Ry (dv, d?)|v — B> min(| V¥ — |7, L)]
R3xR3

First, recalling (1.12) and that R, € H(f;, fs), we observe that
t
Au(t, L) = / dsE [wf - V;‘F/ (f:(dV)|VE = vl + fi(dD)|V} — ﬁm}
0 R3

5/ ds wh T, (fs + fo). 4.27)
0

Hence for all L > 1, using (4.25), the Lebesgue Theorem and that J, (fs + fS) belongs to
L'([0,T] by assumption,

t
limsup Ay (z, L) 5[ ds wiJ, (fi + fo). (4.28)
k 0

Next, one easily checks that for each s € [0, T'], the map v, > o (vy) := fR3xR3 R, (dv, dv)
v — >min(Jv, — v|”, L) is continuous on R? and bounded by 2L (m,(f;) + mz(fs)).
Since furthermore fOT (ma(fs) 4+ mo( ﬂ))ds < oo by assumption, we easily deduce from
Lemma 4.2 and the Lebesgue Theorem that

t
lim B (¢, L) :/ ds/ Rs(dv,dﬁ)|v—17|2/ £ (dv,) min(Jv, —v|”, L)
k 0 R3xR3 R3

5/ ds/ Rs<dv,dﬁ>|v—ﬁ|2/ Fi(dv) v, — o]

0 R3xR3 R3

ff dsus./y(fs)ff ds ws./y(fs). 4.29)
0 0

Using the same computation for By (z, L), we finally obtain, for all L > 1,

t
w, <uo+ K(T, f, f, Vo, Vo)L™*0 +c/ wyJ, (fs + fods. (4.30)
0

Making L tend to infinity, and using the generalized Gronwall ~Lernma 6.1, we deduce that
fort € [0, T], w; <ugexp(C fot J, (fs + fs)ds). Since sz(f,, ft) = u; < wy, this concludes

the proof. 0

It remains to prove the convergence Lemma 4.2. To this aim, we first prove a uniqueness
result for a linearized Boltzmann equation.
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Lemma 4.6 Assume (A1-A2-A3-A4(y)), for some y € (=3, 0]. Consider a weak solution
f =) € L0, T1, P2(R*) N L0, T1, J,) to (1.1). Assume that for some g =
(8)refo,r) € L®([0, T1, Po(R?)) forall ¢ € C2, all t € [0, T],

/ (Vg (dv) = f o) foldv) + / ds / ¢(dv) f fdv) A, v, (@3D)
R3 R3 0 R3 R3

with A¢ defined by (2.3). Then g = f.

Proof We thus assume (A1-A2-A3-A4(y)) for some y € (—3, 0], and (unfortunately) use
some martingale problems techniques (see Ethier-Kurtz [7] for many details on such tools).
We consider a weak solution f = (f;);ef0,1 € L*([0, T'], PR NLY(O, T], Jy) to (1.1).
We also consider, for each ¢ > 0 the operator /L defined for ¢ € C go and v e R3 by

Aipv) = /M fi(dv) A (v, v,). 4.32)

We will prove that for any u € P,(R?), there exists at most one g € L*®([0, T], P>(R?))
such that for all 1 > 0, all ¢ € C2,

/ ¢(v)gz(dv)=/ ¢(U)M(dv)+/ dS/ 8 (dv)Ap (v). (4.33)
R3 R3 0 R3

Since by assumption, f and g solve this equation with i = fj, this will conclude the proof.

Step 1. Let u € Po(R?). A cadlag adapted R3-valued stochastic process (V;);cio.7]
on some filtered probability space (2, F, (F)ief0.7], P) is said to solve the martingale
problem M P ((A)ic0.71, 1) if P o Vy' = and if for all ¢ € C2, (M{)icpo.ry is a
(82, F, (Ft)tep, 17, P)-martingale, where

Mi”=¢(‘4)—/ A (Vy)ds. (4.34)
0

Assume for a moment that:

(i) there exists a countable subset (¢ )i>1 C Cf such that for all ¢ € [0, T'], the closure
(for the bounded pointwise convergence) of {(¢x, /I,(bk), k > 1} contains {(¢, A,qﬁ),
¢ €Cl),

(ii) for each vy € R, there exists a solution to M P((ﬂ,),e[o,ﬂ, Oup)>

(iii) for each vy € R?, uniqueness (in law) holds for M P((fl[),g[o,n, Bup)-

Then, due to Bhatt-Karandikar [2, Theorem 5.2] (see also Remark 3.1 and Theorem 5.1
in [2] and Theorem B.1 in [13]), uniqueness for (4.33) holds.

Step 2. First, (i) holds: consider any countable subset (¢ )i>1 C C f dense in Cf., in the
sense that for ¥ € C? with supp ¥ C {|v| < x}, there exists a subsequence ¢, such that

supp ¢, C {|v] <2x}, and lim,—. oo (1Y — @i, oo + 11V — & oo + [1¥" — @} loc) =0.
We then have to prove that, for ¢ € [0, T'],

(@) Ay, (v) tends to A (v) forall v e R?,
(b) and that sup, ||.A4:¢x, |lec < 00.
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First, using Lemma 2.3 (ii) and (A4(y)), we get, for v € R3,

| A pr, () — A Y )| = | A lr, — Y1)
< CUIY = Nl + 1V = 8 110)

X/ fi@dv) (v = vl + v — v — v, (435)
R3

which tends to 0 as n tends to infinity, provided «;, := f]R3 fidv)(v—vi| + v —v. P —
v” < 00. But o < fps fi(@dv.)(1 4 2[v — v D)|v — v, " < T, (f) + 2 fps fildv)lv —
V|77 Iy € [=2,0], then [v — v, > < 1 4 2[v* + 2[v, %, so that o, < J,(f)) +
C(my(f;)+1+|v]?) < oo by assumption. If y € (=3, —2), then |v — v, [>T <1+ |v—v,]|”,
so that o, < 3J,(f;) + 1 < co. Thus (a) holds, and it remains to prove (b). Set M :=

sup,, (|1@x, oo + 1194, oo + 11607, o). If ¥ € (=3, —2], then one easily deduces from (A4)(y)

and Lemma 2.3 (ii) that for all 7, all n, all v, Ifl,d)kn ()| =CM1 + J,(f1)), which implies
(b). If y € (=2, 0], we use Lemma 2.3 (iii), and get, since |v — v,|**" <1 4+ 2|v|® 4+ 2|v,|?,

| Ay, ()| < CM /R3 fi(dvy) [1 + v = P My <an) + Tﬂuwzm]

< CMfg fildv) [T+ + o + 3721+ [v])]
R,

SCM1+x>+x72+my(f)(1+x72)). (4.36)

Step 3. Classical arguments (see e.g. Tanaka [19, Sect. 4] or Desvillettes-Graham-
Méléard [5, Theorem 3.8]) yield that a process (V;).e0,r; on some filtered probability
space (2, F, (Ft)seo.17- P) 1s a solution to MP((.,Zl[),e[o 71, 8y,) if and only if there ex-
ists, on a possibly enlarged probability space, a (F;):e0,ri-adapted f-Poisson measure
N(dt,dv,dz,dg) such that (recall the expression (2.3) of A, and that N stands for the
compensated Poisson measure)

t 0 2 5
V, =g +/ f / / c(Vi_,v,s,9)N(ds,dv,dz,dyp)
0 JR3 Jo 0

—KO/ ds/ Ssdv)®(|V; —v])(V; —v). (4.37)
0 R3

We thus just have to prove the existence and uniqueness in law for solutions to (4.37).

Step 4. We now check that for (V;)¢[0,7] a solution to (4.37),

E[sup |V,|2] < 00. (4.38)
[0,T]

We introduce, for n > 1, the stopping time t, = inf{¢t > 0, |V;| > n}. Using the Doob and
Cauchy-Schwarz inequalities, thanks to (2.5) and (A4(y)) we get

ATy o) 2
E[sup |Vs|2]§C|Uo|2+CE[/ dsf fs(dv)/ dz/ dq)|c<vs7,v,s,w>|2}
[0,tATH] 0 R3 0 0
2

T"ds/ [ d0) DV — 0DV — ]
0 R3
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ATy
<Clw|*+CE [/ dsf fs(dv)le—v|2+V]
0 R3

AT, 2
+CrE U/ ds/ fi(dv)|V, — v } . (4.39)
0 R3

Separating as usual the cases y € (=3, 2], y € (—2,—1] and y € (—1,0] (see e.g. the
proof of Lemma 4.3), we obtain in any case

ATy T
E[ sup |vs|2]50|v0|2+cTE[/ dS|Vs|2]+CT/ Jy (fo)ds
0 0

[0,tATH]
T 2 T
e ( / Jm)ds) e f dsma(f,)
0 0
t
< CT(vo,f)+CT/ dsE[ sup |vu|2}. (4.40)
0 [0,sATy]

The Gronwall Lemma ensures us that for all n > 1, E[supjy 74, [Vi2]1 < Cr (v, fleTCr.
We immediately deduce that a.s., lim, t, = oo, and then that (4.38) holds.

Step 5. Let (V;)e0,1) be a cadlag asiapted solution to (4.37), for some f-Poisson measure
N. Recall Lemma 2.2, and define (V,k),g[o,T] as the solution (which clearly exists and is
unique since 1l ;<N (ds, dv, dz, dy) is a.s. finite)

t k 27
Vtk:vo'i‘/ /; / / c(VE vz, 0+ @o(Vie —v, VE =)
0 JR’ 0 0

x N(ds,dv,dz,d). (4.41)

The map ¢o(V,— —v, \7;‘_ —v) being predictable, we deduce from Lemma 4.4 that N, defined
by No(A) = [ frs [ [ Was, v, 2,0 + @o(Vie — v, VE — 0))N(ds, dv,dz, dg) is still
a f-Poisson measure. Hence (\7," ):efo, 7 18 nothing but the (vo, f, k, No)-process, and its law
is entirely determined by vy and f, see Notation 4.1.

We will now show that (\7,"),20 goes in probability to (V;);>0, which will yield the
uniqueness of the law of (V;),>¢ and thus will end the proof of (iii). To this end, we first
observe that due to Step 4 and Lemma 4.3,

C(T, fiv):=E [sup IVtIZ] +supE [sup |‘7[k|2] < 00. (4.42)
[0,T] k [0,7]
Then, we may rewrite, recalling (2.11)

B t k 2 B - 5

Vi = +/ / f f c(VE, v, 2,0+ @(Vie —v, V) —v)N(ds,dv,dz,dp)
o Jr3Jo Jo

t
+ / ds / f@dhg(VE = v (V= ). (4.43)
0 R3

This is due to the fact that fok dz fozn doc(V,v,z,9) = —(V —v)h5(|V — v]). Hence,

(Vi = Vo = AP+ AP+ AP + AP, (4.44)
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where

t k 21
A,‘*k://f/ [c(Vie,v,2,0) — c(VE v, 2,0 + 0o(Vi — v, VE — )]
o Jr3Jo Jo

x N(ds,dv,dz,dy),

t o) 2 "
A,“:=//f / c(Vi,v,2,@)N(ds, dv,dz, dp),
0 JR3 Jk 0

At :=/ ds/R @RS Vs — ) (Vs — v) — RE(VE — v ])(VE —v)],
0 3

A :=/ ds/R £:@V)[ko® (Vs — o)) (Vy — v) — h§ (I Vs — v (Vs — v)].
0 3

First, we immediately deduce from the Doob inequality, (2.6) and (A4(y)), that

t
E[sup|A;”‘|2] <C [Lds [ R@E[IV- VRV - ol 4 17 = o)
0 R3

[0.1]
! ~
<c [ ase[ivo-7P] . (4.45)
0

Next, Doob’s inequality, (2.12) and (A4(y)) yield

T
E |:sup|Af’k|2j| < cf ds/ f@E[|Vy — v eg(IVs —v)] — 0 (4.46)
[0,2] 0 R3

as k tends to infinity, since due to Lemma 2.4, sg is bounded and tends simply to 0, and
since |V, — v|>*” belongs to L' (dsf,(dv) P(dw)) (as usual, if 2 + y > 0, this follows from
(4.42) and the fact that £ € L®([0, T], P,(R?)), while if 2 + y < 0, we just use that f €
L'([0.T1. 7).

Using (2.13), (A4(y)), and then the Cauchy-Schwarz inequality, we obtain

, 2
E|:sup|A§-k|2:| <CE |:(/ ds/ fs(dv)|VS—f/Sk|(|Vs—v|V—|—|‘7Sk_v|V)> :|
[0,7] 0 R3
; 2
§CE|:</ ds|VY—VSk|Jy(fv)>}
0

t T
<C (/ dsE[|V, — VSHZ]Jy(fS)) (f dsJy(fs)>. (4.47)
0 0

Finally, (2.14) and (A4(y)) allow us to obtain,

T 2
E[sup|A;*~k|2] <CE {(/ ds/ fo@v)|Vs — "7 5|V, —v|)> }»0 (4.48)
[0,1] 0 R3

using similar arguments as for the study of A"*. We thus obtain, for some n; going to 0,
some constant C(T, f),

E[IV, - Vi s m+ca, f)/o dsE[|Vs = V1, (fy). (4.49)
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The generalized Gronwall Lemma 6.1 and the fact that f € L' ([0, T, J,) by assumption
allow us to conclude that

T
E[sup |V, — ‘7[k|2] <m exp|:C(T, f)/ dsJ, (fS):I -0 (4.50)
[0,7] 0

as k tends to infinity. Hence (‘Zk)tE[O.T 1 goes in probability to (V;);epo,77-

Step 6. It remains to prove (ii), i.e. the existence for M P((ﬂ,),e[oﬂ, 8y,)- We use to this
aim a Picard iteration. Let N be a f-Poisson measure as in Step 2. We consider the constant
process V.’ = vy, we set ¢ = 0 and we define recursively

t o) 2w
vt [ ezt g )N @s.dv.dz.de)
o JRr3Jo 0

—KO/ ds/ S )@V — v)(V" —v), (4.51)
0 R3

and ¢y (s, v) = ¢;(s,v) + Qo (VI — v, V! — v), where ¢ is defined by Lemma 2.2.
A computation based on Doob’s inequality using (2.6) and that [x®(x) — y®(y)| <
min(x, y)|®(x) — ()| + |x — y[(P(x) + P(y)) < Clx — y|(x¥ 4 y7) yields that for all
te[0,T],alln>1,

E |:Sllp |V;l+l _ an|2]
[0.2]

t
< C/ ds/ f@OENV! = VI PVE — ol + |V — )]
0 R3
t 2
+CE {(/ ds | fidv)|V" =V (Ve — v + Vi - vly)]) }
0 R3

t
< c/ dsE[V" — V' 210, (f)
0

T t
+C ( / dsJy(fs)) ( / dsE[|V! — V;’*IP]JV(fs))
0 0

<C(T, f) / dsE[IV" = V' P10, (f). (4.52)
0

Using Lemma 6.1, we deduce that ) E[supy, 7 |Vl — V2] < oo, so that there exists a
cadlag adapted process (V;);c[0.7] such that

limE[sup v, — VX"F] =0 and E[sup |VS|2] < o0 (4.53)
n [0,T] [0,T]

To show that (V;),s¢ satisfies MP((.Z\,),G[O,T], 84,)), we need to check that for all 0 < s; <
o<y <s<t<T,al¢y,...,¢ € C.(R*,and all ¢ € C?,

[ '
E[(]‘[qbi(vs,.)) (¢(\4)—¢(%)— / Auqb(vu)du)} =0. (4.54)
i=l1 S
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But we know from (4.51) that for all n > 1,

1 t
E [(H@(V;)) <¢(V,"“) —p(Vth - / Au¢<V;>du>} =0. (4.55)
i=1 §

It remains to pass to the limit in (4.55) to obtain (4.54). It suffices to use (4.53), and
to observe that the map (v,)uero.71 H> K((Vu)uero,17) = (nﬁzl(pi(vsi))((b(vt) — ¢ (vy) —
f; Au¢(V,)du) is continuous on D7 (endowed here with the uniform convergence) and
bounded. First, we have shown in Step 2 (b) that A,¢ is bounded by Co(1 + ma(fy) +
J,(f1), and we easily deduce that K is bounded since f € L*([0, T1, P»(R%) N
L'([0, T, J,). Next, the only difficulty concerning the continuity of K is to check that
of (Wueto,ry > [ dsAup(v,)du. Since A,¢ is bounded by Cy(1 + ma(f,) + J,(f)) €
L([0, T]), it suffices to check that for each u € [0, T], /L,d) is continuous on R3. This
follows from Lemma 2.5. O

We finally conclude the section with the following proof.

Proof of Lemma 4.2 The proof is actually almost contained in that of Lemma 4.6. Indeed,
consider a weak solution f € L*®([0, T1, P,(R*)) N L'([0, T], J,) to (1.1), and define, for
each ¢ € [0, T'], the operator A, by (4.32). We have checked in Step 6 the existence of
a solution to M P((A,),E[O,T], 8y,)- Of course, the same arguments allow us to prove the
existence of a solution (V;);¢jo,1; to M P((A,),GLOVTJ, fo), since fy € P,(R?). Consider now
the law g, of V. Then taking expectations in (4.34), one easily deduces that (g; )0, 7] solves
(4.31), so that due to Lemma 4.6, g = f. Hence for each ¢ € [0, T'], the law of V; is nothing
but f;. Next, using Steps 3 and 5, we have shown how to build some f-Poisson measures N k
in such a way that for (\7/‘),6[01] the (Vy, f, k, N¥)-process, limy E[supjo 7y 1V: — ‘7,k|2] =0.
Denoting by ft" the law of \7,", this of course implies that limy supy, 7 Wa(f;, f," ) =0, which
was our goal. 0

5 Applications

We now prove our well-posedness results. We start with the case of regularized velocity
cross sections.

Proof of Corollary 1.4 We assume (A1-A2-A3-A4(y)) for y = 0. We observe that for any
g € P,(R%), Jy(g) < 1. Hence for any pair of solutions (f,) and (f,),sloﬂ, and such that
one of them has a density for all times, (1.22) follows immediately from Theorem 1.3.

Let us now prove the existence result. We found no reference about such an existence
result, but it is completely standard. The case where f; € P,(R?) has a finite entropy, that is
when f]R3 Jo(w)log(1 + fo(v))dv < oo can be treated following the line of Villani [21] (and
is much more easy since we assume here that ® is bounded, while true soft potentials were
treated there). The obtained solution has furthermore a finite entropy (and thus a density) for
all times. Then the existence result for any fy € P, (R?) is a straightforward consequence of
(1.22): it suffices to consider a sequence fJ' € P»(IR?) with finite entropy, tending to f; for
the distance W, and the associated weak solutions (f");efo,77 to (1.17). Then (1.22) ensures
us that there exists (f1),efo,77 such that lim,,, o supyy 71 W2(f/", fi) = 0. It is then not hard to
pass to the limit in (1.17), and to deduce that ( f;);c[0,7 is indeed a weak solution to (1.17).
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Let us now extend (1.22) to any pair of solutions (f;);c0.77, ( f;),e[o,r], without assum-
ing that f; (or f,) has a density for all times: consider f with a finite entropy, such that
Wa(fo, fi) tends to 0, and the associated solution (f,");f0,71. Since f;* has a finite entropy
(and thus a density) for all times, we deduce that for all n > 1, all t € [0, T'],

Wolfir 1) < Wallss £+ Wa(fl, ) < IWalfo, £) + Walf2, fo)leX!
< 2Wa(fo, f) + Wa(fo, fo)leX! (5.1)

by the triangular inequality. Letting n tend to infinity, we obtain (1.22). The uniqueness
result is now straightforward. 0

We now study the case of soft potentials.

Proof of Corollary 1.5. We consider y € (—3, 0), and assume (A1)—(A2)—(A3)-(A4(y)).
First note that we consider only solutions with densities here, since we work in L?” with
p>3/G+y)> 1.
We also observe that for « € (—3, 0), and for p € (3/(3 + ), oc], there exists a constant
Cy,p such that for any g € P>(R*) N LP(R?), any v € RY,

Jo.(g) = sup/ gy v — v, |* dv,
]R3

veR3
< sup / g(v,) v — v,|* dv, + sup / g(vy) dv,
veR3 J|v—v|<I veR3 Jve—v|>1

< Copllglr@s + 1, (5.2)

where Cy , = SUp, g3 [f\v*—v\gl [v — v, 2P/ (P Dy, |P=D/P = [‘[\U*\Sl [v,|2P/ P~ Dy, P=D/p

< 00, since by assumption, ap/(p — 1) > —3.

Step 1. We first observe that point (i) is an immediate consequence of Theorem 1.3 and
(5.2), since we deal with solutions with densities.

Step 2. We now check point (ii). We only have to prove the existence of solutions, since
uniqueness follows from point (i). Using some results of Villani [21, Theorems 1 and 3], we
know that for y € (=3, 0), for any f, € P,(R?) satisfying

/R3 Jo() log(1 + fo(v))dv < oo, (5.3)

there exists a weak solution (f;),>0 € L*([0, 00), L'(R3, (1 + [v|>)dv)) to (1.1) starting
from fy. Recall that if f; € P,(R*) N L?(R?) for some p > 1, then (5.3) holds. Then the
existence result of point (ii) follows immediately from the following a priori estimate, which
guarantees that if f € L?(R?) for some p > 3/(3 + y), then this bound propagates locally
(in time): there exists C = C(p, y, k1, k2, k3) such that any weak solution to (1.1) a priori
satisfies

d
Tl < C (U117 sy (5.4)
This will guarantee that for 0 <t < T, := %(n /2 — arctan || fol|.r), we have

I fillLr <tan(arctan || follzr + Ct). (5.5)
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Thus point (ii) will be proved.

To obtain (5.4), we follow the method of Desvillettes-Mouhot, see [6, Proposition 3.2].
First, one classically may replace, in A¢ taken in the form (1.18), B(0) by 3(9) =[B©O) +
B —0) W pe,x/21;» see e.g. [1, Introduction] or [6, Sect. 2]. This relies on the use of (1.15).
Next, following the line of [6, Proof of Proposition 3.2], we get

d
d—/ Iﬁ(v)l”dvs(p—l)/ fr(U*)dU*/ dv®(Jv — vy])
t R} R3 R3

/2 R 2
x / B(6)do f doLf7 W) — 7 )], (5.6)
0 0

where v’ is given by (1.13). Using now the cancellation Lemma of Alexandre-Desvillettes-
Yillani-Wennberg [1, Lemma 1] (with N =3, f given by £, and B(Jv — v|, cosf) sinf =
B(O)P(Jv — vy])), we obtain
d /2 R
& [swra <m0 [ gwade [ o [ fers
1 R3 R3 R3 0
x [cos T (©/2) @ (Jv — vi|cos™' (0/2)) — @(lv — v )|.  (5.7)

Due to (A4(y)), we know that |®(x) — P (y)| < k3(x¥ + y¥)|x — y|/min(x, y). One easily
deduces that for some constant C = C(k3), forall x e R, , all 8 € (0, /2],

|cos™(0/2)@ (x cos ™! (8/2)) — @ (x)| < [cos T (/2) — 1| D (x)
+cos(6/2) | @ (xcos ™ (6/2)) — D (x)|
< CO*x” + Clxcos~1(0/2) — x|
x (x” + (xcos~'(0/2)))/x
< CH*x. (5.8)

We used here tha£ |cos™3(8/2) — 1|+ |cos™'(8/2) — 1] < csth? for all 6 € (0, /2].
Since [7/?624(0)d6 <, we finally get, with C = C(y, p, k1, 2, ic3),

i/ Iﬁ(v)l”deC/ f/’(v)dv/ v —v,]” fi(v)dv,
dt R3 R3 R3

141/p
<c (/ FPdv+C,, [/ ftl’(u)dv] ) (5.9)
R3 R3

the last inequality using (5.2). This yields

d
Al < C(Ifiller + Cypll £ill20) + (5.10)

from which (5.4) immediately follows. O

Appendix

We start this annex by recalling the generalized Gronwall Lemma and the associated Picard
Lemma.
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Lemma 6.1 Let T > 0 and a nonnegative function v on [0, T] such that fOT v(s)ds < oo.

(1) Any nonnegative bounded function on [0, T] satisfying u(t) <a + fot u(s)v(s)ds forall
t €10, T] also satisfies u(t) <a exp(fot v(s)ds) forall t € [0, T].

(i) Consider a sequence of nonnegative functions u, on [0, T], with uy bounded and
Uy (t) < fot u,(s)v(s)ds for all n >0, all t € [0,T]. Then ano supyg, 71 Un(t) <

llitol oo exp(f, v(s)ds).
We carry on with the

Proof of Lemma 1.1 We first prove (i). Recall that H (0) = fen B(x)dx, that G is its inverse
function, and that ¢!V < B(8) < CO~'~" for some v € (0, 2). Since H®) <a(®™’ —
77" (with a = C/v), we deduce that G(z) < (z/a +m~")"!/". Now for 0 < z < w

B . w ) B w du l w -
0<G() - Gw) = [G(u)du—fz —ﬂ(G(u))scfz Gw)

1 w
< —/ (/a1
cJ,
< A [(Z/a + 7_[7\))71/1) _ (w/a + nfu)fl/\;]
<B[(I+e)™"" =1 +ew)™] (6.11)
for some constants A, B, ¢ > 0. Weseta =1/v > 1/2.
Case a € (1/2,1]. Let thus x >y > 0, and z € (0, 00). Using the inequality |u* — v¥| <

cst lu —v|/ u'~® 4+ v'~%), we obtain, the value of B changing from line to line,

|G(z/x) = G(z/y)I* < Bl(1+ez/x)"" — (1 +e2/y) (1 +e2/x)* !
+(I+ez/y)*H?
2 (x +8z>2_2“
X

S B(x _ y)2Z2x2a72(x +£Z)—2a(y +8Z)72
< B(x — y)’x* (x +£2) 7, (6.12)

X Y
x+ez y+tez

<B

Integrating this inequality, we get

(x—y)? <B(x—y)2

/ dz|G(z/x) — G(z/y)|* < B(x — y)’ x2 2x!"2 < B , (6.13)
0 X xX+Yy
since x > y by assumption.
Case a € [1,00). Let x > y > 0. Then
|G(z/x) — G(z/y)I> < B|(1 +e2/x)™* — (1 +ez/y)
<B|(1+ez/x)" = A +ez/y)" % (6.14)

and we may use the same computation as previously with o = 1.

We leave the proof (ii) to the reader, and finally prove (iii). We thus assume that ®(x) =
x? for some y € (—3,0), and show that (1.9) holds with W (x) =cst.x”. First, it is of course
immediate that (x — y)2[®(x) + ® ()] < (x — y)?[x” + y"]. Next,
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min(x, y)|x — y||®(x) — ®(y)| < |y|min(x, y)(x — y)* min(x, y)" !
< lyl(x — y)*min(x, )" < |y|(x — y)*(x” +y"). (6.15)

Finally,
. 2 2 |CD(X)—CD()’)|2 2 . 2 2 zmin(x, y)2y72
min(x-, — Y = min(x”, X — -
O G Tan)” = I minG e =y =T
< ly*(x — y)* min(x, y)”
<lyP =y’ +y7). (6.16)
As a conclusion, (1.9) holds with W (x) := (1 + |y | + y?)x”. O

Next, we give the following proof.

Proof of (1.19) Let thus ¢ € C2, denote by ¢” its Hessian matrix, and set A =
AW, v, 0,9) =) + ¢(v),) — ¢(v) — ¢(v.), where we used the shortened notation
(1.13). Recalling that v' = v + a while v, = v, — a, a Taylor expansion yields that for
some wi, w, € R}, A =a.[Vo(v) — Vo (v,)] + %a.[q’)”(wl) + ¢ (w,)]a. Recall now that

[T adp = 12530 (y —v,), and that |a]® = =% |y — v, |2, Hence
2 1 —cosf . 1 —cosf )
/0 Adw‘ = = = nlVe®) = Vo)l + 27 leo —— v — v
< C(1—cosO)I9"|loolv — val?, (6.17)
which yields the desired result, since 1 — cos@ < 62. |

Next, we treat the proof of Lemma 2.1.

Proof of Lemma 2.1 First, the second equality in (2.3) is obvious, since c(v, vy, z, .) is 27-
periodic. Next, we consider ¢ € C2,. We have already seen that A¢ is well-defined (see
(1.19)), and A(ﬁ is also well-defined, since, setting ¢ = c(v, vy, z, ¢) for simplicity, |¢ (v +
c) —p() —c.Vo )| < |c]?||¢”]|o0/2- Using the substitution = G (z/ P (|v — v|)), which
yields dz = —®(Jv — v, |)B(0)dO, we get,

o] 2
/ dZ/ dple(v, vy, 2, ) I*
0 0

T 2
=d(jv— v*|)/ ﬁ(G)dG/ dola(v, v, 0, )|
0 0

—cos6

T 2T 1
— (v v*|)f ﬁ(G)dG/ dolv— v,
0 0 2
< Clv—v. POy —v.) 6.18)

thanks to (A2), where C depends only on «;. Thus flqb is well-defined for ¢ € Cgo, and if
¢ € C?,

|A® (v, v)| < Cll" ool — v P (v — vi]) + ClI@ |0V — V4| @ (JV — vi]).  (6.19)
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Next, we consider again ¢ € Cgo. Using the substitution 8 = G (z/®(Jv — v,|)), we observe
that (using the shortened notation (1.13))

m 2
Ap,v,) = o (v - v*l)[/ ﬂ(9)d9/ dplp (V) — ¢ (v) —a.Vé(v)]
0 0
—ko(v —v,).Vo (v):|. (6.20)

Using now (1.14) and that foﬂ B(©)d6 fozn dpa = —ky(v — v,), we obtain

Ap (v, v) + Ap (v, v) _

S(lv—v.l) [T o
: . / B©O)d6 / doldp() + $ )
0 0

— () — ol (6.21)

which was our goal. O

Proof of Lemma 2.3 First (2.5) has already been proved, see (6.18). Using again the substi-
tution 0 = G(z/P(Jv — v4|)), we obtain (2.7):

o0
/dz
0

=<1>(|v—v*|>/0 B(6)d6

21
/ doc(v, v,. 2. <p)‘
0

2
/ depa(v, vy, 0, 9)
0

T
:n|v—v*|cl>(|v—v*|)/ B(6)dO[1 — cosb]
0
< Clv — v P (v — vy). (6.22)
Next, we observe that

A = |c(v, vy, 2, ) — (D, Dy, 2, @ + @o(V — v, D — )|

1—cosG(z/D(Jv—vy]) L. 2
54‘ /2 | | [(v—v) —(@—=0)D
cos G(z/®(|D — B.])) —cos G(z/ (v —v,]) . |
4 [v—v.])
2
SinG(z/D(Jv — v.])) o )
4 / 5 [0 =0, 0) =T(0 = 0, @ + @0 (v — Vs, ¥ — V)]
4 sin G (z/ P (|0 — 0.])) —sin G(z/ P (Jv — v4]))
2
2
X T(0 = B0y @ + 00U — 04, T — )] - (6.23)
Using now Lemma 2.2, that |I'(X, ¢)| = | X|, and easy estimates about cosinus and sinus

functions, we deduce that

A < Clv—v,) — @ —5)*G* (/P (Jv — v.])
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+Clo = 071G/ P(v — v.]) = G(z/D(|5 — Bl (6.24)

On the one hand, the substitution 8 = G(z/®(Jv — v,|)) yields that fooo dz fozn depG?(z/
D (jv—v.]) =27 P(Jv — v.]) fy 62B(0)d6 = 27k; P (Jv — v,]), and on the other hand we
may use (A3). We thus get

o] 2
/dz/ Ao < Cl(v — v,) — (5 — 5.) PO — v.)
0 0

2 (v = v,]) = DD — B.]))*

+ Clv— v, =
Qv —vi]) + P(Jv — v.)

(6.25)

But using a symmetry argument, we easily deduce that

o0 2w
/ dz/ dpA < Cl(—v.) = (0 = T)P(P (v — va]) + DD — B.]))
0 0

o (@ =) = @D = )
+ Cmin(lu — v, [§ = ) g S o (6.26)

Then (1.9) leads us to

e} 2
/ dZ/ doA < Cl(w—v,) — (@ = 0)P[Y (v —v) +W(T - 0D] (627
0 0

which yields (2.6). We finally check (2.8). Integrating first against d¢, we get

D::/ dz
0

= ﬂf dz‘(v —v)[l —cos G(z/P(Jv — vi)] = (V= 0)[1 — cos G(z/P(|v — U:]))]
0

2
/ dolc(v, vy, 2, 9) — c(V, Vs, 2, )]
0

IA

ﬂl(v—v*)—(ﬁ—ﬁ*)lf dz[1 —cos G(z/P(Jv — vi]))]
0

+7r|17—17*|f d2 1005 G (/D (v — v,])) — c0s G (/D (|5 — 5, )|
0

IA

n|<v—v*)—(ﬁ—5*>|/0°Odz62<z/<b<|v—v*|»
+n|ﬁ—ﬁ*|f0wdz]G2(z/d>(|v—v*m—Gz<z/d>(|6—ﬁ*|))]. (6.28)
The monotonicity of G ensures us that for any x, y > 0,
/Ooodz‘Gz(z/x)—Gz(z/y)‘z‘/(;Dodez(Z/x)—/Ooodez(z/y)‘. (6.29)

On the other hand, fooo dzG*(z/x) = xk; (recall (A2)), thanks to the substitution 6 =
G (z/x). We thus obtain

D =km|(v—vy) — (0= 0)|P(Jv — vi])
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+ 6170 = V[P (v = vi]) — P (v — VI (6.30)
A symmetry argument and then (1.9) thus yields

D <iqm|(v —vy) — (0 = D) (D (Jv — vi]) + P (| — 1))
e min(|v — vy, [0 — 0D ([ — vi]) — D(|0 — Du])]
<KV —v) — (0= V)|V (v — v ]) + V(|0 — .])), (6.31)
from which (2.8) follows.

We have already checked point (ii), see (6.19). Let us finally prove point (iii), following
the line of [13, Lemma 4.1]. We thus consider ¢ € Ccz, with supp ¢ C {|v| < x}. Recalling
(6.20), we see that

|Ap (v, v.)| < k0@ (v = V)|V = vl [1) oo M oy <1

b4 2
+¢(|U_U*|)H{Iv\§2x}/0 ﬁ(G)dQ/O dplp() —¢(v) —a. Ve (v)]

T 2
b (v — v*|>11{.m22x,/0 ﬂ(G)dG/O dolp@)|

= Al + A2 + A3. (632)
Recalling that v = v + a, we deduce that ¢ (v') — ¢ (v) — a.V )| < |a|*||¢”||s/2, and

then recalling (6.18), we deduce that Ay < C||¢" || ®(|v — vi]) |V — v*|211{|v‘§2x). Next, we
observe that |¢ (V)| < [|@]|coIl{j/|<x}- Since v = v + a, we deduce that 1y >ox jv|<x} <

4lal? . .
H{\vlsz,laIz\vl/Z} < H{lv\zzﬂ %. ThU.S, using (618) again,

4é oo -
A3 = O(Jv — v D220 ——— BE / ﬂ(Q)dO/ dylal?

|@]]oolv — v, |
<CO(jv— U*|)]1{\v\52x)00|1)7|2~ (6.33)
As a conclusion, (2.10) holds, which concludes the proof. O

Let us now give the following proof.

Proof of Lemma 2.4 First, similarly to (6.18), we get

00 2w Glk/P(Jv—v4|)]
fdzf deC(v,v*,z,w)lz=<I>(|v—v*l)/ B(0)do
k 0 0
2
x/ d<,0|a(v,1)*,9,<,0)|2
0

Glk/Mv-vD] | _ cosd
=2nd><|v—v*|)|v—v*|2/ B " o
0

< Clv = v *®(Jv — v Deg (v — val) (6.34)
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by definition of eé, and since (1 — cos@) < 62. This is nothing but (2.12). Next, one
easily gets |xhf(x) — yh§()| < |x = yI(hf(x) + hE()) + min(x, y)|hE(x) — A (y)]. On
the one hand, the definition of 4{ and the substitution & = G(z/®(x)) yields h(x) <
T®(x) [ (1 — cos)B(0)dO < mk;P(x), and on the other hand, |hf(x) — hi(y)] <
nfooodz|cos G(z/P(x)) — cosG(z/D(y))| < C|P(x) — ©(y)], recall the computations
in (6.28-6.30). Hence (1.9) yields [xh{(x) — yh{(»)| < Clx — y|[(®(x) + ®(y)) +
Cmin(x, y)|P(x) — ®(y)| < Clx — y|(V(x) + V(y)), i.e. (2.13). Next, an easy com-
putation shows that hf,(x) =ad(x) fg[k/q)(x)](l — cos0)B(0)d6. Hence, recalling (2.1),

lox @ (x) — xhb ()] = x D)7 7PN~ cos0)BO)dO < x D (x)mel (x).

Finally, the fact that 816 is bounded by «; is obvious from (A2), and for x > 0 fixed,
k/®(x) tends to infinity, so that G[k/®(x)] tends to 0, and thus 816 (x) tends to O. O

We conclude the paper with the following proof.

Proof of Lemma 2.5 We thus assume (A1-A2-A3-A4(y)) for some y € (—3, 0], and con-
sider ¢ € C2, and g € P»(R*) N J,. We consider a sequence v, — v in R?, and we have
to show that i (v,) — h(v), where h(v) := f]Rg g(dv*)f{(ﬁ (v, vy). Recalling (6.20), we write
h(v) =h;(v) — KoV (v).hy(v), with

T 2
) :=/ g(dv*>d><|v—v*|>[ ﬁ(9)d9f dpAv, v..6.9).
R3 0 0
A, v4,0,9) := (v +a®, v, 0,90) — @) —a(v, vy, 0, 9). Vo (v), (6.35)
ho(v) :=/ gdv) (v —v )PV — v,y).
R3

First, due to (A4)(y), one has [x®(x) — y®(y)| < |[x —y|(P(x)+ D (y))+min(x, y)|D(x)—
@ (y)| = Clx — y[(x¥ + y¥). Thus,

ha(vn) — ha(0)] < c/} @) lon — vl(wy — 0a]? + v — a]7)
R
<Clv, —v|J,(g) >0 (6.36)

as n tends to infinity, since g € J, by assumption. Next, we use the map ¢, introduced in
Lemma 2.2, and write

h|(vn)=/ g(dv*)<1>(|vn—v*|)/ B(0)do
R3 0

2
X / deAy,, V4, 0,0 + @o(V — vy, v, — V¥)). (6.37)
0

We now introduce, for & > 0, h{, which is defined as &, but replacing ® by ®.(x) :=
® (max(x, ¢)). First, lim,, h{(v,) = hj(v) for each ¢ > 0, due to the Lebesgue Theorem and
the following facts:

(i) @, is continuous and bounded due to (A4(y));
(i) lim, A(v,, vy, 0, @ + @o(V — vy, v, — V%)) = A(v, vy, 0, @) for all v,, 0, ¢ (because due
to Lemma 2.2, lim,, a(v,, vy, 0, ¢ + @o(v — vy, v, — V%)) =a(v, vy, 0, 9));
(i) [AWy, Vs, 0,0 + @o(v — Vs, v — V)| < Cylu, — v,]207 < Cy(sup, [va]? + |v,]|?)6?
which belongs to L' (g(dv,)B(6)d0dyp) due to (A2) and since g € L*®([0, T, P>(R?)).
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We thus just have to prove that lim,_,¢ limsup,, |2 (v,) —h{(v,)| = 0 and lim,_,¢ |2, (v) —
hi(v)| = 0. Using point (iii) above and then (A2)-(A4(y)),

T 2
|hl(vn) - hi(vn” =< Cd)/z g(dv*)(b(h)n - U*DH[Ivnfu*\fs}/ ﬁ(@)d@/ d§0|vn - U*|292
R 0 0

< c¢f g(dv) v, — V7TV My, 1<) < Cpdy (887 (6.38)
R3
This implies that limsup,, |41 (v,) — A5 (v,)| < CyJ, (g)e> — 0 as ¢ — 0. The same compu-
tation shows that lim,_,¢ |2 (v) — A{(v)| = 0, and this concludes the proof. O
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